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Abstract Structural breaks frequently arise in economic policy evaluation, biomedical monitoring, and other
dynamic systems, posing substantial challenges for partially linear models (PLMs) that contain nonparametric
nuisance components. This paper develops a unified tail-adaptive cumulative sum (CUSUM) framework
for structural break testing and estimation in PLMs. The proposed methodology integrates cross-fitted
semiparametric composite quantile regression with a weighted CUSUM process, allowing robust inference under
heterogeneous and heavy-tailed error distributions. A key theoretical contribution is the establishment of a
uniform oracle equivalence result, showing that the feasible plug-in CUSUM process converges uniformly to
its oracle linear-model counterpart over the time index. This equivalence provides the theoretical foundation
for valid tail-adaptive testing and multiplier bootstrap inference in high-dimensional settings. We further
establish non-asymptotic localization bounds, showing that the proposed estimator attains the optimal rate up to
logarithmic factors. The procedure is implemented within a seeded binary segmentation scheme to accommodate
multiple change-points. Simulation studies and an empirical application to energy policy data demonstrate the

effectiveness and robustness of the proposed method.
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1 Introduction

Partially linear models (PLMs), also known as semiparametric models, play a central role in modern statis-
tics and econometrics by combining the flexibility of nonparametric regression with the interpretability
of parametric components. More specifically, a general PLM with multiple nonparametric functions can
be represented as follows:

Y, = X[ B+ 2] alUs) +1(U) + <. (1.1)
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where Y; € R for the i-th sampling point is the response of interest. The covariates X; = (X;1,...,Xiq) | €

R? represent the parametric component, with regression coefficients 3 = (31,...,34)". The covariates
Z;, = (Zn,..., Ziq)—r € R4, together with the index variable U; € R, capture more complex interaction
effects on Y; through the smooth nonparametric functions a(U;) = (a1(U;), ..., oq(U;)) ' . In addition,

~v(U;) is another smooth nonparametric function representing varying baseline effects, and &; denotes a
zero-mean error term. In this work, our interest lies in the scenario where the index 4 corresponds to
time.

This unique structure in (1.1) makes them not only theoretically elegant but also highly practical for
real-world applications, including economics [34], biomedical research [24], and others involving complex
covariate relationships [15]. However, classical PLMs (1.1) face major challenges in statistical inference
due to increasingly complex data-generating mechanisms. In particular, when real-world datasets
exhibit structural heterogeneity, commonly referred to as structural breaks, classical PLMs often become
inapplicable. There remains a pressing need to develop more advanced PLMs and rigorously validate
them, both theoretically and empirically.

To facilitate the application of PLMs in settings with structural breaks, change-point analysis—a
statistical framework for detecting structural changes [32]—has attracted considerable interest [17-19,
29,41]. Typically, for model (1.1), the core scientific question is whether there is a structural break in
the parametric coefficient sequence {3;}, commonly referred to as the change-point existence or testing
problem. We further formulate this problem as a hypothesis test:

Hoy: Bi=Ba=-=0n, versus Hi: Bi=02="=0B-1 # Biy =Blo+1 =" = P, (1.2)

where [y denotes the location of the (unknown) change-point. In many practical applications in economics,
finance, and the social sciences, nonparametric functions tend to capture long-term trends or smooth
relationships that remain relatively stable over time. In contrast, changes in the parametric component
typically reflect potential structural shifts in the data-generating process. This work focuses on the latter
and tests for significant changes in the underlying system relationships, as formulated in (1.2).

From an application perspective, (1.2) involves two important scenarios for describing structural breaks
of PLMs. The first is a posteriori (retrospective, offline) change-point detection, which analyzes a fixed
historical sample to test whether structural breaks have occurred, followed by estimating their number
and locations [2,4,5,16]. By contrast, the second is prospective (sequential, online) monitoring, which
treats observations as arriving over time and designs stopping rules to signal a change as quickly as
possible while controlling false alarms [9,12,30]. Although these two scenarios of structural breaks have
been widely studied using fully parametric [1,10,20,31,33] or nonparametric [3,27,37,38] models, PLMs
that accommodate both remain underdeveloped.

Under the simple setting of PLMs with a(-) = 0, the structural breaks in the linear coefficients 3
have been studied [36] using the cumulative sum (CUSUM) test [6]. CUSUM is widely used due to its
computational simplicity and ease of implementation. However, previous CUSUM-based methods often
rely on strong and difficult-to-validate assumptions, such as Gaussian or sub-Gaussian error distributions
and low-dimensional covariates [14,25,37,40]. In addition, these methods allow only a small subset of
coefficients to change while others remain constant, limiting the flexibility of PLMs for modeling complex
data. Furthermore, their covariate selection procedures heavily depend on prior knowledge and lack
data-driven strategies for identifying covariates associated with the response. This introduces a risk of
model misspecification in PLMs and can result in large variance in coefficient estimation, ultimately
compromising the accuracy of detecting structural breaks inherent in the data.

Recent advances in high-dimensional change-point detection have introduced tail-adaptive CUSUM-
type procedures that remain valid under unknown and potentially heavy-tailed error distributions [26,28].
These methods employ aggregation schemes that adapt to the tail behavior of the errors and thereby avoid
restrictive sub-Gaussian assumptions. Meanwhile, cross-fitting and debiased machine learning techniques
have become standard tools for semiparametric inference in the presence of high-dimensional nuisance
components [8]. Such approaches mitigate the impact of nuisance estimation errors and facilitate valid
inference for low-dimensional target parameters.
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Despite these advances, extending high-dimensional adaptive change-point detection to partially linear
models remains nontrivial. In PLMs with nonparametric nuisance components, residuals are not directly
observable, and inaccurate plug-in estimates of these residuals can quickly propagate through the time-
indexed partial sum process underlying CUSUM statistics. This propagation may affect the uniform weak
convergence and directly prevents the application of existing adaptive change-point detection frameworks.
Developing a new valid methodology for structural break inference thus becomes necessary.

In addition to testing structural breaks, efficient estimation of the change-point location is equally
important for understanding structural changes. However, theoretical guarantees for precise localization
in partially linear models remain limited, particularly in high-dimensional settings and when multiple
change-points are present. This is because cross-iteration errors between complex nonparametric nuisance
components and high-dimensional linear components can further distort the time-indexed partial sum
processes underlying CUSUM statistics if these components are not carefully developed and implemented.
This work addresses both testing and estimation within a unified framework.

Building on previous work, we propose a tail-adaptive CUSUM-type change-point detection procedure
for partially linear models. To overcome the aforementioned difficulty, we introduce a cross-fitted
semiparametric composite quantile regression (CS—CQR) framework that reduces the partially linear
model to a plug-in linear representation suitable for structural break analysis. Both theoretical results
and empirical evidence from simulations and an energy data application demonstrate the effectiveness of
the proposed method. The main contributions of this paper are summarized as follows.

(1) Uniform oracle equivalence for semiparametric change-point inference. We develop
a cross-fitted semiparametric composite quantile regression framework and establish a uniform oracle
equivalence result showing that the feasible plug-in CUSUM process uniformly approximates its oracle
linear-model counterpart over t € [go,1 — qo] at rate o,(1). This provides a rigorous bridge between
semiparametric nuisance estimation and high-dimensional change-point analysis.

(2) High-dimensional inference and bootstrap validity. The aggregated CUSUM statistic
involves the supremum of a high-dimensional and sparsity-adaptive stochastic process over time, whose
limiting null distribution is analytically intractable. This difficulty is further compounded in the
semiparametric setting, where the statistic is constructed from plug-in residuals affected by nuisance
estimation. We develop a tuning-free multiplier bootstrap procedure tailored to the proposed plug-in
CUSUM framework. Combined with the established uniform oracle equivalence result, the bootstrap
consistently approximates the nonstandard limiting distribution under high-dimensional scaling, even
when the dimension d diverges with the sample size.

(3) Localization theory and empirical illustration. We derive non-asymptotic localization bounds
achieving the optimal rate log(dn)/n up to logarithmic factors for single change-point detection. The
procedure is further implemented within a seeded binary segmentation framework and illustrated through
simulations and an empirical energy policy application.

The remainder of this paper is organized as follows. In Section 2, we present our tail-adaptive procedure
for locating a single change-point. Section 3 develops its theoretical guarantees, including size control,
power analysis, and the asymptotic accuracy of the estimated change-point. In Section 4, we report
extensive simulation experiments, and in Section 5 we illustrate the method on the energy dataset.
Finally, Section 6 contains the conclusion and proposes prospects for further research.

Notations: Throughout this paper, for a vector g = (p1,...,1q)" € R? we define its ¢p-norm as
iy = (S0 b)) ™" for 1< p < o0, and ulle = ma <yl Tn addition, we write s =
Zj:l I{y; # 0}. For two real-valued sequences {z,,} and {y, }, we write x,, = O(y,) if there exists C' > 0
such that |z,| < Cly,| for all large n, and x,, = o(yn) if ,/yn — 0 as n — oo. For a random sequence
{Cn}, we write ¢, LN ¢ if ¢, converges to ¢ in probability, and let ¢, = o0,(1) if , LN 0, and ¢, = O,(1)
if {¢,} is stochastically bounded. For any finite set B, we denote its cardinality by |B|. For z € R™, let

|z] = max{n € Z : n < z} be the floor function. The indicator function is denoted by I{-}. For any
a,b € R, we write a V b := max{a, b}.
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2 Methodology

In this section, we further elaborate on the statistical challenges and propose a novel procedure to tackle
the hypothesis testing problem in (1.2).

2.1 Change-point model

We restrict attention to the case of at most one change-point in model (1.1). We assume that
{(X;,Z;,U;,Y;)}_, are independent, but (time) ordered observations. Then, to motivate our testing
strategy, we reparameterize the linear component as follows:

Vi =X} (BW + 8, I{i > lo}) + Z] a(Us) +v(Us) + &1, i=1,...,n, (2.1)

where §;, = B3 — B0 captures the shift in the parametric coefficients at the (unknown) change-point [y,
which we represent as lp = |ntg], for some o € (0,1) denoting its relative location. To avoid boundary
effects, we further assume tg € [go, 1—qo] for some fixed gy € (0,0.5), which is a common assumption in the
change-point literature (see [11,21,26]). Finally, to mitigate the curse of dimensionality in nonparametric
estimation, we restrict U to be univariate throughout.

A natural question for model (2.1) is whether a change-point exists. Equivalently, we consider the
following hypothesis test:

Ho: 8, =0 forallly versus H;: iy € {2,...,n— 1} such that §;, # 0. (2.2)

Note that test (2.2) is equivalent to problem (1.2) in Section 1: accepting Hg implies there is no structural
break in the parametric coefficients of either model (2.1) or model (1.1).

To construct our test statistic, we first reformulate model (2.1) as a linear regression model. In
particular, since the nonparametric components a(u) and 7(u) are unknown (but assumed time-
invariant), we estimate them from the data and denote the resulting estimators by a(u) and F(u). For
each observation i, we let n(U;) := Z;] a(U;) + v(U;). Then we define the adjusted response as follows:

Y, =Y —i(U) = Y; - 2] a(U;) — F(U:). (2.3)
Substituting it into (2.1), we obtain the residualized change-point regression model given by
Y, =X/ B 4+ X6, 1{i > lo} — 9 +ei, (2.4)

where ¥; := 7j(U;) — n(U;) captures the plug-in bias from estimating the nonparametric components.
With this adjustment, the conditional expectation of Y; given X; becomes

E[Y; | X;] =X 8W + X[ 6, I{i > lo} —E[v; | X,]. (2.5)

Next, let 0 < 71 < -+ < 7 < 1 denote a set of candidate quantile levels. For each 7;, define the
conditional error quantile r;'(X;) := inf{t:P(e; <t+9; | X;) > i}, so that the conditional 7;-quantile
of Y; given X, is

M, (Y | X)) =r (X)) + X/ 8W + XT6, I{i =1}, [=1,...,L, (2.6)

where M, (Y; | X;) = inf{t: P(Y; <t] X)) >7}.

In fact, from (2.3) the adJusted response subtracts the smooth nonparametric terms, so any
discontinuity in the regression of }N’l on X; at i = [y must arise from a jump in the parametric coefficient
B. Conversely, a structural break in the original regression of Y; on X; at [ is exactly mirrored in the
transformed regression. Hence, inference based on }72 is equivalent to that in the original model in terms
of the change-point structure. Therefore, testing Hy in (1.2) can be carried out equivalently based on
either (2.5) or (2.6).

Note that in the oracle case, where the plug-in bias vanishes identically, i.e., ¥; = n(U;) — n(U;) = 0,
model (2.4) reduces to the change-point regression setting studied by [26]. We adopt a weighted composite
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loss framework to construct a test statistic that balances robustness and efficiency. Specifically, for any
fixed weight A\ € [0, 1], define the weighted composite loss function as

O (z,y; 7,7, B) : —r -z B)+ %(y —z' B)?, (2.7)

th

where p,(u) := u(t — I{u < 0}) is the check loss at quantile level 7, T = (71,...,77) denotes the
user-specified quantile levels, and 7 = (r1,...,rr)" € R¥ and B8 = (B1,...,B84)" € RL The tuning
parameter A governs the trade-off between robustness and efficiency. When A = 0, the loss reduces to
the composite quantile loss, which is more robust to outliers. When A = 1, it becomes the squared loss,
which is optimal under Gaussian errors.

The subgradient of £, with respect to 3 yields the following composite score function:

- 1)
S\ (x,y; T, 0) == ——

17 a:(]I{yfrl f:cT,Bg()}le) —dz(y—=z'PB), (2.8)

M=

=1

where 8 := (r",87)T € RI*? denotes the vector of parameters to be estimated. Following [26], we then
define the individual CUSUM process for each A € [0,1] and ¢ € (0,1) as

s~ 1 ~ |nt] ~
GiM(t7,0) = ————— |S\(t;T,0) — —= S\(1;7.,0) |, 2.
1 (67.0) = o [$3:7.0) - 2 5,570 (29)
where the partial sum process is defined by
[nt] _
(7, 0) Zshn X, Yi;7,0), (2.10)

and the variance is given by 0?(\, 7) = Var[(1 — A)e;(T) — Ag;| with e;(7) = %Zle (H{ei <rfy—m).
To detect structural breaks in model (2.4), [26] proposed a family of oracle test statistics, each indexed
by a pair (A, sg). The corresponding statistic is

I'n= max ||G1m(

t€(q0,1—qo]

)H(é 2)° Aeo,1], (2.11)

where the (sg,2)-norm is a special case of the (sp,p)-norm introduced by [28], defined for any p =

(1, pa) " € R as || (50,5 = (Z |M|p ) v . Here, |p|(1y = --- > |p|(ay are the order statistics of
lpil, -y pal, and so € {1,...,d}, D€ [Loo).

It is important to note that {I'y,\ € [0,1]} is constructed under the oracle setting, where the
nonparametric components a(-) and 7(-) are assumed known. In this case, the adjusted response )7;
is observable, and the plug-in bias ¥; vanishes identically. However, in the partially linear model (1.1),
both a(-) and v(-) are unknown and must be estimated from the data. Consequently, the plug-in bias is
non-negligible and needs to be properly addressed to ensure valid inference.

2.2 Test statistic

To adapt the oracle test statistic (2.11) to the partially linear setting, we first estimate the nonparametric
components a(-) and v(-) in model (1.1). For this purpose, we develop a novel cross-fitted semiparametric
composite quantile regression (CS-CQR) procedure, which allows us to construct adjusted responses
that asymptotically approximate the oracle form. Our procedure is motivated by the semiparametric
CQR of [22] and by the double/debiased machine-learning (DML) framework of [8]. More precisely,
let {(X;,Z;,U;,Y;)}", be an i.i.d. sample generated by (1.1). The CS-CQR procedure consists of the
following two main steps (see Algorithm 1 for more details):
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Step 1 (Local-linear estimation on the auxiliary sample). We randomly partition the index set
{1,...,n} into K folds 7y, ...,Zx and, for each k, define the following auxiliary index set:

={1,...n\Z, = |J T (2.12)
jil,jsék
For each k and each target point wy € {U; : i € Zj}, obtain the local-linear CQR estimates
(@9 (ug), 7% (ug)) with a fixed offset BF by solving

. I;HQRQ Z Z l)n(Yi - X8 —Z] (ag +a1(U; — w)) — (o + (Ui — Uo))) Kn(Ui —ug), (2.13)
’;)07’Y11€R t=11i€Iy

and then set &%) (ug) := ag and =% (ug) := 0. Here, p,(u) = u(r — [{u < 0}) is the check loss, and
Kn(u) = K(u/h)/h is a kernel with bandwidth h.

Remark 2.1. This sample-splitting design prevents the same observations from being used both to
estimate (a('), 'y()) and to evaluate the test statistic, thereby mitigating overfitting and reducing small-
sample bias. We compute 3! once, using Algorithm A.2 in Appendix D, and treat it as fixed throughout
CS-CQR; it is not re-estimated within folds or across bandwidths. Under mild regularity conditions, we
show that BT is \/n-consistent (see Appendix D.2 for details).

Step 2 (Cross-fitting onto the held-out fold). For each held-out observation i € 7, we set
a(U;) = &= (U:), 3(Ui) =31 (). (2.14)

Repeating Steps 1-2 for k = 1,..., K yields the cross-fitted estimators a(:) and ¥(-) for alli =1,...,n

Algorithm 1  Cross-fitted semiparametric CQR estimator
Input: Data {(X;, Z;,Us;, Y;)}—,, quantile levels 7 = (71, ... ,71) ", kernel K, (u) = K(u/h)/h, bandwidth grid H, number
of folds K.
1: Randomly partition {1,...,n} into K folds 71,...,Zx. For k=1,...,K, set Z¢ = |J
2: Compute the fixed offset BT via Algorithm A.2 (Appendix D)
3: Around any target ug, use the local-linear approximations ZjTa(U]-) ~ Z;{ag + a1(Uj — o)}, and v(Uj) = vo +
71(U; — ug), with weights Kp (U; — ug) for each j =1,...,q

ik L

4: for h € H do
5: for k=1,...,K do
6: For each i € T}, (set up := U;), compute the local-linear composite quantile problem
(G0, &1,90,91) ¢ argmin > pr( —X] 81 - 2] {ao+ 1 (Us o)} — {70 +71(U; —u0) }) Kn (U; o),
aOvalv’YOv'Yl]eIc =1
and set g\ " (Ui, Z;) = Z] &o + Ao.
7 end for
8:  Compute the cross-validated loss CV(h) = Zszl >ieT, 2521 pr(Ys = X BT — §}(l_k)(Ui, Z;)).
9: end for

10: Choose < arg minp ey CV(h).

11: for k=1,...,K do

12: For each i € Zj, (set uo := U;), re-solve the local-linear problem on Z7 with h = h and offset Bt to obtain (&0, 70),
and set a(U;) = ao,¥(U;) = Ho.

13: end for

Output: The final estimators a(-) and ().

Using the cross-fitted estimates a(U;) and ¥(U;), we construct the pseudo-data as
Y, =Y, -7 aU) -3U;), Xi=X;, i=1,...,n. (2.15)

Based on the pseudo-data {(Xl, Y)}Z 1, we define the plug-in composite score as

SPME(X,, Vi 7, 0) ZX (]I{Y —r—X/B<0} - Te) AX, (Y - X[ B). (2.16)
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The corresponding plug-in partial sum process is defined by

Lnt]
Sa(t;7,0) =Y SYUE(X,, Vi 7, 0), (2.17)
i=1

and the plug-in CUSUM process is given by
-
Vno(A,7)

To complete the construction of our test statistic, we replace the unknown scale o(A, 7) in (2.18) with

G\(t;7,0) = [§A(t; 7,0)— % S\ (1;7, 9)] (2.18)

a consistent estimator o (A, 7) in the spirit of [26]. Since the true parameter vector € is unknown under
Hy, we estimate it by solving, for each A € [0, 1], the following penalized composite quantile optimization
problem:

~ B R A -~ - A
6y = argmin [ S o (Vi-XTB—r)+ 2|8l + muml] : (2.19)

nL
geRE+d i=1 I=1

~ ~ ~ ~ T < ~ ~
where B := (Y1 -X{B,..., Y, — XI[)’) , Oy = (Pa1s---»"\.L, Brdy---»Bra) |, and Ky > 0 controls
the sparsity of ,§>\-
After estimating 6, we substitute it into Sy(-;7,0). Consequently, we obtain the oracle plug-in
CUSUM process {6')\ (t; T, 5,\), t € [qo,1— qo]}, defined by

§)\(t;7~',§)\) — W@(l;?—,@)) . (2.20)

Note that we refer to G A (t; T, é,\) as an oracle because there are no unknown parameters in the test
statistic. Hence, for any A\ € [0, 1] and user-specified sp, we define the oracle individual test statistic as

f)\ = max é)\<t;;, é\)\) (221)

t€[q0, 1—qo]

(8072).

Specifically, for each given A € [0, 1], once Hy is rejected, the change-point estimator is defined by

ty, = argmax
qo<t<1—qo

G (t;7,6)) . (2.22)

(50,2)

Although the statistic fA in (2.21) is well-defined, its limiting null distribution is analytically
intractable, especially when the parameter dimension d increases with the sample size n. To address
this, we employ a multiplier bootstrap procedure to approximate the null distribution of r » under Hy,
which enables accurate determination of the corresponding critical values and p-values.

2.3 Bootstrap procedure for test statistics

In this subsection, we adopt a multiplier bootstrap procedure (see [21,26,28]) to approximate the null
distribution of I'y. Let B denote the number of bootstrap replications. For each b = 1,..., B, generate

iid. standard normal variates £}, ..., ~ N(0,1) and set e’(7) = 1 21L=1 {H{si’ <o (m)} fn], where
®~1(.) is the quantile function of the standard normal distribution.
We now define the bth bootstrap-based CUSUM process as

v
Jav(n7)

where S (t;7) = S X, {(1 - A ed(T) — )\Eb}

Gh(t:7) = |8k 7) - 12 8] (2:23)

and the variance term is defined by v?(\,7) := (1 —

A)2 Var [e2(7)] + A% = 2A(1 = \) Cov (e?(7),€?). Since e ~ N(0,1) and e?(7) are known, v*(X, 7) can be
computed directly within the bootstrap procedure.
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Building on the bootstrap samples {C:'lj\ (t; 7~')}{?:1 and a user-specified tuning constant sy, we define
the bth bootstrap version of the test statistic I'y as

Fg\ = max
qo<t<1l—qo

GS(t;7)

. Aeo,1]. 2.24
02 [0, 1] (2.24)

For a given significance level « € (0,0.5), let C,, := inf {t ceR:P (1:,\ < t) >1- a} and P, denote

the critical value and theoretical p-value of the test statistic I'y, respectively. Based on the bootstrap
samples {T'{}2 || we estimate them by

B B
~ : . 1 T Do 1 b = :
Co = mf{t : = ;]I{rA <th>1- a} and P = 5o ;]I{rA >Th), with A e [0,1].  (2.25)

We then define the individual test decision by
Ora =I{Py<a}, Ae[0,1]. (2.26)

Note that 18,\ < « if and only if r A= (L. Hence, we reject the null hypothesis Hy at the significance
level o precisely when ©) o = 1.

However, existing research (see [26]) has shown that (i) for a fixed error distribution, the power of the
test statistic T A varies with the choice of A\, and (ii) smaller p-values provide stronger evidence against
the null hypothesis Hy. To guarantee optimal testing performance, we therefore introduce a tail-adaptive
statistic that selects the tuning parameter A in a data-driven manner. Concretely, for the family of
individual test statistics {1:,\ : A € ]0,1]}, we define the tail-adaptive test statistic as

Taq = min Py, (2.27)
XeD

where D C [0, 1] is a prespecified candidate set of A.

For the tail-adaptive test statistic Tnq, let F(t) = P(Fad < t) and Py = 1 — F(Fad) denote its
(unknown) distribution function and theoretical p-value, respectively. Since F cannot be evaluated
directly, we approximate P,q using the low-cost bootstrap method proposed by [42]. The core idea of
the low-cost bootstrap method is to efficiently utilize the collection of bootstrap samples {f}\, e ,ff }
More specifically, for b =1, ..., B, we set the b-th low-cost bootstrap sample for the theoretical p-values

of I'y as
~ 1 ~, o~
Pl=2>1 (F§ > F§> . (2.28)
b £b
Then, we define the b-th bootstrap sample for the tail-adaptive test statistic I'nq as
b, = min P} (2.29)
Furthermore, on the basis of the bootstrap samples {F;d, . ,I‘fd}, we can approximate P .4 by
1 B
5. b
P =4 — ;]{ T2y < Taa) - (2.30)

Then, given the significance level o, we define the tail-adaptive test as
Oada = {Pag < a}. (2.31)
We reject Hy at the significance level @ when ©,4,, = 1. In that case, the selected weight parameter is

A = argminPy, (2.32)
AED

and the corresponding change-point estimator is

G5 (t:7.65)

tAX = argmax (2.33)

q<t<1—qo (50,2)
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3 Theoretical properties

In this section, we establish the theoretical properties of the proposed method.
Let {a(:),7(-)} be the cross-fitted estimators produced by Algorithm 1, and define

n(Us) = Z} a(U;) +7(Uy), n(U:) == 2] a(U;) +7(Us).
Set the plug-in bias 9; := 7j(U;) — n(U;) and the pseudo-responses Y; := Y; — i(U;).
Note that, since Y; = X;'—ﬁ + e; — 19;, it follows that Y; — X;'—,B =g — ¢ and {YV; — ry — X;F,E)' <
0} = I{e; < ¢+ 9;}. For theoretical comparison with the (linear model) CUSUM process of [26], we

decompose the plug-in composite score into an oracle (linear model) score part and a plug-in remainder.
Recalling X; = X; and ¢; :=Y; — n(U;) — X/ B, write

SPVE(X, Vs 7, 0) = S (X, 647, 0) + ASK(X;,Ds), (3.1)

where @ := (r',37)T. The first term on the right-hand side is the oracle (linear model) composite score,

™~

: ~ 1-A
S&m(Xi,Ei;T,O) = T ZXZ(H{Q g T’z} — Tg) — )\Xz Eiy (32)
(=1

and the second term is the plug-in remainder,

L
1—
AS)\(XZ‘,IS‘Z') =X + T/\ le [H{Sl <re+ ’191} — H{Ei < T'g} . (33)

(=1

To facilitate theoretical analysis, we impose the following assumptions.

Assumption A (Sampling and design). The observations {(X;,Z;,U;)}", are ii.d., where X; €
R? denotes the parametric regressors and Z; € RY the varying coefficient regressors. Let X =
[X];...;X] € R"*4 denote the design matrix for the parametric component, and write ¥ = E[X,;X'].
Assume that there exist constants k1, ke > 0 such that Apin(2) > k1 and Apax(E) < k2 < co. Moreover,
there exists M > 1 such that || X;||cc < M almost surely. The covariate U; has compact support U C R.

Assumption B (Errors and density). Define ¢, :=Y; — n(U;) — X/ 8.
(B.1) Assume {g;}", are i.i.d., independent of (X;,Z;,U;), with E[g;] = 0 and Var(e;) = o2 € (0, 00).

(B.2) Let F. and f. denote the cumulative distribution function and density of e, respectively, with f.
continuously differentiable on R. Assume that there exist constants c¢, Cy,C’; > 0 such that

sup | f-(t)| < Cy, sup |fL()] < C,
S

inf ry) = ct.
P <Z<Lf€( K)/ f

1<l

and, F; is globally Lipschitz with constant Cy, i.e., |F:(u) — Fz(v)| < Cy |u — v for all u,v € R.

Assumption C (Cross-fitting consistency). Let 7] be the out-of-fold cross-fitted estimator of 7(-),
constructed by using training folds independent of each evaluation observation (Y;, X;, Z;, U;). Define

o = 17 = 1l = {E[G@) @)}

Assume that r, = 0,(1) and v/n72 — 0.

Remark 3.1.  Assumption C is a standard nuisance-rate condition in modern semiparametric inference
with cross-fitting; see, for example, [8] and the related double/debiased machine learning literature. Such
conditions are imposed to ensure that the first-stage nuisance estimation converges sufficiently fast for
valid second-stage inference. A concrete verification under one-dimensional local-linear smoothing is
provided in Appendix C.
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Assumption D (Moment constraints). Let V= {v € R?: |[v|2 =1, [[v]jo < s0}-
(D.1) Assume that there exist constants 0 < ¢,, < C3P < oo such that, for all v € V,

e, < E[(v'X;)?] < C.

0
(D.2) Assume that there exists Cy, > 0 such that, for all v € V,

E[(v'X;e:)?] = Cs,,

E[(IITXZ' ei(?))z} > Cyys

and, in addition, inf;<q E[X7] > Cs,.

(D.3) Assume that there exists a positive constant C' < oo such that E|e;|2* < C* for k = 1,2.

D.4) Assume that E||X;||2 < co and E||Z;||21? < oo for some & > 0.

( 5 2

Assumption E (Parameter space). Assume the following holds:

E.1) There exist constants 0 < K; < £ and 0 < Ky < 1 such that s3 log(dn) = O(n®1), and s log(dn) =
7 6 0 0

O(n*2).

(E.2) The overall sparsity s = |31 ||o + ||3@||o satisfies M — 0asn,d — oo.

(E.3) There is a constant Cg > 0 such that |31 V |||« < Cs, and a constant Ca > 0 with

18 =M1 < Ca.

(E.4) The tuning parameters {xy} in (2.21) are chosen such that k) = Cj 4/ W for some C) > 0.

Assumption F (Signal-shift). Let A = {j : ﬁj(-l) # BJ(-Z)} denote the set of coordinates with a change,

and define the shift vector § € R? by §; = ﬁ](-z) —Bj(-l). Define dyin = minjea |9;| and dmax = maxjea |9;].

There exist positive constants 0 < ¢ < C' < oo such that

min §max

0 < ¢ < liminf < limsup < C < oo.

—00 max d— 00 min

We briefly discuss the roles of the above assumptions below.

Assumption A specifies regularity conditions on the design and sampling scheme. In particular, the
non-degeneracy of the covariance matrix ¥ ensures that the parametric component is identifiable and that
the associated high-dimensional estimation and inference procedures are well behaved. The boundedness
condition on X; and the compact support of U; are standard in semiparametric models and facilitate
uniform control of empirical processes. Assumption B concerns the distributional properties of the error
term. Assumption B.1 imposes independence and finite variance, which are essential for establishing
the asymptotic behavior of the CUSUM-type processes under both Hy and H;. Assumption B.2 further
requires smoothness and boundedness of the error density, which is mainly used to control the bias
introduced by quantile-based score functions and to justify the Gaussian and bootstrap approximations for
the individual and adaptive tests. Assumption C characterizes the accuracy of the cross-fitted estimator
7 for the nonparametric component. The condition 7, = 0,(1) guarantees consistency, while the stronger
requirement /n7r2 — 0 ensures that the plug-in effect arising from estimating 7(-) is asymptotically
negligible relative to the stochastic fluctuations of the CUSUM process. Assumption D imposes moment
and non-degeneracy conditions on sparse linear combinations of the covariates. These conditions ensure
that the (sg,2)-norm-based test statistics are well defined and that their variances are bounded away
from zero. In particular, Assumptions D.1-D.3 provide the basic moment conditions required for high-
dimensional Gaussian and bootstrap approximations, while Assumption D.4 controls the overall second
and higher-order moments of the covariates. Assumption E specifies the growth rates of the dimensional
and sparsity parameters. Assumptions E.1 and E.2 regulate the relationship between (n,d, s, sg) and
allow the ambient dimension d to grow much faster than the sample size n, provided that the effective
sparsity remains moderate. Assumptions E.3 and E.4 impose mild boundedness conditions on the
regression coefficients and the regularization parameters, which are standard in high-dimensional change-
point analysis and are mainly used to control the estimation error of the Lasso-type estimators. Finally,
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Assumption F characterizes the signal structure under the alternative hypothesis. By requiring the
relative magnitudes of the nonzero signal shifts to be bounded away from zero and infinity, this assumption
avoids pathological cases where the change is either too weak or dominated by a single coordinate, and
it guarantees stable detection power for the proposed (sg,2)-norm—based tests.

Definition 3.2. For ¢t € (0,1) and a fixed A € [0,1], define the plug-in partial sum and CUSUM
processes by

[nt]
~ ~ ~ 1
Sa(t) == SYUE(Y;, X 7,0), Ga(t) = ————=
A) — ( 76, G:(1) VoA, T)
where Siﬂug is given in (3.1)-(3.3) and o2(\, 7) := Var{(1 — N)e;(T) — A¢&;} with ¢;(7) = %Z@L:l(ﬂ{fi <
ry} — 1) and rj the 7p-quantile of €. Similarly, define the oracle (linear model) counterparts as

[g,\(t) — g (],

Lnt)

. . 1
lm Z Slm X¢,€i;T,0),Gl/\m(t) =

lin [ntJ lin
o S0 - L s,

where Sit is defined in (3.2).

Before analyzing the asymptotic size and power of the individual test ©, , and the tail-adaptive
test ©ud,q, we first show that the standardized feasible plug-in CUSUM process é,\(t) is uniformly
close to the oracle (linear model) CUSUM process of [26]. Specifically, Corollary 3.5 establishes that
SUDe(g0.1—q0] |GA(£) — G (1) ]2 = 0,(1) and, consequently, Ty — Ti" = 0,(1).

Theorem 3.3.  Let AS\(X;,9;) be as in (3.3) and a;,(t) :==I{i < |nt|} — |nt]/n. Fiz g € (0,1/2)
and A € [0,1]. Under Assumptions A-D, we have
Za“l )ASNX;, %)|| =o0p(1) as n — oo. (3.4)
2

[qo,l qo]

Remark 3.4. A rate-refined bound is

:Op(rrll/2 vV Vnra),

2

a; (1) ASN(X;, %)
tG[qml 0] \/> Z

uniformly in ¢ € [go,1 — qo] for each fixed A € [0,1]. Under Assumption C (namely 7, = o,(1) and
Vv/nrZ — 0), this bound is 0, (1). In particular, for one-dimensional local-linear smoothing with bandwidth
h < n=/5 we have r,, = O,(n~2/5) and therefore the left-hand side is O,(n~/%) = 0,(1). This condition
is mild and is satisfied by standard nonparametric estimators; see Appendix C.

Corollary 3.5.  For any given qo € (0,1/2) and A € [0,1], and under the conditions of Theorem 3.3,
as n — 0o, we have

sup HC:‘)\(t) — Gi"(t)

t€[q0,1—qo]

H2 =o0,(1), and fA —lin = op(1),

where f)\ *= MaXte(go,1—qo) Hé/\( )” (50,2) and Flin ‘= MaXte(gg,1—qo] HGhn( )H(Sm

Proof. By the decomposition Splug Slin 4 AS), and the definition of the CUSUM processes,
é)\(t) - Gl)in(t) = Zaz n AS}\ Xza'ﬂ )

where a;,(t) =I{i < [nt]} — [nt]/n and 02(\,7) = Var((1 — A)e;(T) — Ae;) is the variance factor used
to standardize the processes. Assumption B implies that o?(\,T) is finite and bounded away from zero
(uniformly over fixed A), and hence 1/0(\, 7) = O(1). Theorem 3.3 then yields

|GA(t) — GE (1), = 0p(1).

tG[qo 1 90)
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For any u,v € R?, we have |[|[ul|(s,,2) = [[V]l(s0,2)| < [t = v][(59,2) < [[u = v||2. Thus, for the maximal
statistics, we have
Ty — Ilin| < |GA(H) = GR™ ()], = 0p(1),
tG[QoJ qo]
which completes the proof. O

Corollary 3.5 shows that our feasible plug-in CUSUM process C:”X(t) and its associated statistic 1:)\
approximate the oracle counterparts G4 (t) and I'i™ of [26] to within o, (1) uniformly over ¢ € [go, 1 — go].

Proposition 3.6.  Assume that Assumptions A-E hold, and any given A € [0,1] and significance level
€ (0,1). Then, under Hy and as n,d, B — oo, we have
sup|P(F < 1) — B < )] = 0,(1)
t>0

and
P(@)\,a = 1) — .

Proposition 3.6 demonstrates that, for each A € [0, 1], the limiting null distribution of Ty can be
uniformly approximated by that of its bootstrap counterpart l:l)’\, and that, for any given significance
level o € (0, 1), the bootstrap-based individual test ©y , asymptotically controls the Type I error.

Having established the size properties under Hy, we now turn to the behavior of the individual test
under H;. In particular, Proposition 3.7 provides a non-asymptotic error bound for the argmax-based
estimator t defined in (2.22) for each A € [0,1], and Corollary 3.8 further implies that our individual
test can reject Hy with probability tending to one.

Proposition 3.7.  Let § = 3 —BW  and assume 10| (s,2) > v/log(dn)/n. Define the signal-to-noise

ratio -
_ 1=X)(+>_ 7))+ A
SNR(X, 7) = A= (£ e SorD) A€ 0,1].
o(A,T)
In addition to Assumptions A, D, E.2-E.4, and F, suppose:
) if A =1, then Assumptions B.1, D.2, and D.3 hold, as well as n'/* ) holds;

(a
(b) if A =0, then Assumptions B.2 and D.2 hold, as well as 51/2 2/ log d" ||5||(SO 2y — 0 holds;
(c) if X € (0,1), then Assumptions B, D.2, and D.3 hold, as well as 55/252 log(dn) 101l (s9,2) = O and
n'/* = o(s) hold.
Then, under Hy and as n,d — oo, with probability tending to one, we have
log(dn)
nSNR(A, 7)2 ||6||%5072) ’

tx —to| < C*(s0,\,7) A€[0,1]
where tg is the true change-point and C*(sg, A\, T) is a positive constant.

Proposition 3.7 shows that, under the signal condition [|6]|(s,,2) > \/log(dn)/n and given the signal-
to-noise ratio SNR(\, 7), the argmax-based estimator ¢y is consistent for the true change-point ¢, and
attains the optimal convergence rate up to a log(dn) factor.

Proposition 3.8. Let @ = (Qy,...,Qq)" with Q; = SNR(\, 7)|to(1 — to) [£8];|I{j € A}, where
A ={j:9; #0}. Define

€n = 0(58/25\/ %) Y 0(53/252\/ % ||5||(3072)).
Assume, in addition to Assumptions A, D, and E.2-E.4, suppose:
(a) if A =1, then Assumptions B.1, D.2, and D.3 hold;
(b) if A =0, then Assumptions B.2 and D.2 hold, as well as 35/252 M 101l (s0,2) — O holds;

(c) if X € (0,1), then Assumptions B, D.2, and D.3 hold, as well as 51/2 2,/ log(d”) 0]l (s0,2) — 0 and
n'/* = o(s) hold.
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Under Hy, if Q2 satisfies

Vil > LY (iogn) + ios(1/a),

for some constant C(\,T) > 0, then, for any given significance level o € (0,1), as n,d, B — 0o, we have

P(Qya=1) — 1,A € [0,1].

Proposition 3.8 shows that, for any fixed significance level o € (0,1) and each A € [0, 1], once the
signal-to-noise ratio exceeds a suitable threshold, the bootstrap-based individual test ©, , can detect the
existence of a structural change in model (2.1) with probability tending to one.

Furthermore, under suitable regularity conditions, Proposition 3.9 establishes the asymptotic size and
power properties of our tail-adaptive test ©,q,q.

Proposition 3.9.  Assume that Assumptions A-D and E.2-E.4 hold and any given significance level
a € (0,1).
(i) Suppose further that, for any < € (0,1), h%5(c)s3log(dn) = o(n'/1°) holds. Then under Hy and as
n,d, B — 0o, we have
P(Qad = 1) — @,  Pag — Paq = 0,(1),
where P,q denotes the theoretical p-value of T '»q.
(ii) Under Hy, define €, as in Proposition 3.8. If Q¥ satisfies

Vit o > GOl (o) + iog(D1/a)

for some constant C(\,7) > 0, then, as n,d, B — oo, we have
IP(@ad,a = 1) — 1.

Note that, by Proposition 3.7, our tail-adaptive change-point estimator %\X defined in (2.33) is also
consistent under the alternative hypothesis H;. Moreover, Propositions 3.6-3.9 follow directly from
Theorems 3.2-3.9 of [26], whose proofs we refer to for details and therefore omit here for brevity.

4 Numerical studies

This section investigates the finite-sample performance of the proposed method under a general partially
linear model with y(U) # 0, allowing for both single and multiple change-point scenarios. Simulation
results under a simplified model with a single change-point and v(U) = 0, which corresponds to a special
case of the proposed framework, are reported in Appendix A.

We consider the following partially linear model:

Y; = XIBWIi < 1o} + X] B > o} + a(U) Zi +y(Ui) €5, i=1,...,n, (4.1)

where lp = |ntg]. Since our primary interest lies in detecting structural breaks in the parametric
component, we assume throughout that the nonparametric function remains time-invariant.

In our simulations, we set a(U;) = sin(27U;) and v(U;) = sin(47U;), where U; ~ Unif(0, 1). The binary
covariate Z; is generated independently of X; and U;, taking the value 0 with probability 0.2 and 1 with
probability 0.8. Moreover, we generate the error term ¢; from various distributions—namely the standard
normal distribution N(0,1) and Student’s ¢, distributions with degrees of freedom v = 3 and v = 5—to
demonstrate the adaptability of our proposed method to different tail behavior. For the parametric
component, we specify the regression coefficient vector 3 = (1,1,1,0,...,0)T € R%, so that only the first
three entries are nonzero (and equal to one). We then introduce a shift vector § = (61,...,64) " € R,
where 0; = Cs+/log(d)/nI(1 < j < 3),j =1,...,d, and Cs > 0 controls the magnitude of the jump.
Under the null hypothesis Hy, we have 3() = 3(2) = 3, whereas under the alternative hypothesis H,
we have 3(2) = (1) 4 §. For the design matrix X; € R%, we assume X oy N(O, Z). We consider two
cases for 3
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e Scenario 1 (Toeplitz): Following [26], we take ¥ = ¥, where ¥* = (0};) € R**¢ with o}, =
0.8l fori,j=1,...,d.

e Scenario 2 (Compound Symmetric): We take ¥ = X', where &' = (a;j) € R4 with cr;j =
0.31(i # j)+ I(i = j) for 4,5 = 1,...,d. Here I(-) denotes the indicator function.

Throughout these experiments, we set the sample size to n = 100, the dimension to d = 10, and
the number of bootstrap replications to B = 100. In Algorithm 1, we employ the Epanechnikov kernel
K(u) = 0.75(1 — u?)4, the quantile level 7 = 0.5, and L = 1. In addition, both the bandwidth h in
Algorithm 1 and the tuning parameter k), in (2.19) are selected by the cross-validation technique [35].
The optimization problems arising in our proposed method are solved by using the L-BFGS-B algorithm
proposed by [7].

4.1 Size performance

In this subsection, we consider the empirical size of our proposed tests at the significance level o = 0.05.
Table 1 summarizes the size results of the individual test ©) , with A € {0,0.1,0.3,0.5,0.7,0.9,1} and
the tail-adaptive test ©,q,, under both Scenario 1 and Scenario 2, across three error distributions. To
examine the impact of the number of active coefficients, we vary sg € {1,2,3,4,5}. All results are based
on 500 replications, each employing B = 100 bootstrap resamples as in Subsection 2.3.

As reported in Table 1, for all considered values of sy, the proposed individual tests © o, with different
choices of A, as well as the tail-adaptive test ©,4 o, exhibit empirical sizes that are well aligned with the
nominal significance level « = 0.05. This pattern holds uniformly across the two covariance structures
(Scenario 1 and Scenario 2) and across all three error distributions, indicating that the bootstrap
calibration procedure provides an accurate approximation to the null distributions.

More specifically, for the individual test ©) o, the empirical sizes fluctuate mildly around 0.05 as
A varies. Such fluctuations are observed under all error distributions, including the heavy-tailed t3
distribution, the moderately heavy-tailed t5 distribution, and the Gaussian distribution. Importantly,
these variations do not display any systematic inflation or deflation of the rejection probability. Even
in the presence of heavy tails or stronger dependence, the empirical sizes remain within a narrow range
around the nominal level, suggesting satisfactory finite-sample size control.

In comparison, the tail-adaptive test ©.q,o exhibits particularly stable empirical size control. Across
different values of A, error distributions, and covariance structures, its empirical sizes consistently remain
close to 0.05, with less variability than those of the individual tests. This indicates that aggregating
information across multiple tuning parameters through the adaptive strategy does not compromise size
accuracy, and instead leads to more uniform performance.

Moreover, the sparsity parameter sg, which determines the number of active components in the (sg, 2)-
norm test statistic, has little impact on the empirical size. As sg increases from 1 to 5, both the individual
and adaptive tests exhibit stable size performance in both scenarios. For a fixed A and a fixed error
distribution, the differences in empirical sizes between Scenario 1 and Scenario 2 are minor, indicating
that the proposed tests are robust to changes in the underlying covariance structure.

Overall, the simulation results in Table 1 demonstrate that the proposed testing procedures achieve
reliable control of the nominal significance level over a wide range of distributional assumptions,
dependence structures, and sparsity levels. The tail-adaptive test further improves stability across tuning
parameters, providing a robust and practically appealing alternative to individual tests in partially linear
models.

4.2 Power performance

In this subsection, we further investigate the finite-sample power of the proposed tests. The experimental
settings follow those in Section 4.1, except that the relative change-point location is fixed at ty = 0.5
and we consider two signal sizes Cs € {1.5,2.5,3.5,4.5,5}. We evaluate the individual tests © o, with
A €{0,0.1,0.3,0.5,0.7,0.9, 1} and the tail-adaptive test ©,q . Empirical powers are computed based on
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Table 1 Empirical sizes of the individual test ©) o with A € {0,0.1,0.3,0.5,0.7,0.9, 1} and the tail-adaptive test Onq o
under Toeplitz and Compound Symmetric covariance structures for so € {1,2,3,4,5}, at the significance level a = 0.05.
The results are based on 500 replications with B = 100 bootstrap draws per replication.

Empirical sizes for Scenario 1

Dist. S0 A=0 A=0.1 A=0.3 A=0.5 A=0.7 A=09 A=1 Adaptive

1 0.046 0.056 0.054 0.050 0.046 0.048 0.042 0.044

2 0.044 0.044 0.046 0.048 0.060 0.044 0.042 0.052

t3 3 0.046 0.048 0.066 0.056 0.046 0.048 0.058 0.048
4 0.042 0.044 0.058 0.038 0.046 0.044 0.050 0.046

5 0.048 0.046 0.050 0.048 0.046 0.058 0.054 0.052

1 0.056 0.052 0.052 0.050 0.046 0.042 0.044 0.054

2 0.050 0.046 0.054 0.056 0.060 0.054 0.052 0.046

ts 3 0.066 0.046 0.052 0.052 0.050 0.048 0.058 0.048
4 0.052 0.040 0.056 0.046 0.048 0.044 0.048 0.040

5 0.040 0.054 0.052 0.058 0.048 0.060 0.040 0.042

1 0.044 0.052 0.042 0.044 0.054 0.046 0.048 0.046

2 0.054 0.060 0.052 0.054 0.056 0.040 0.044 0.048

N(0,1) 3 0.048 0.038 0.044 0.042 0.046 0.050 0.040 0.036
4 0.054 0.046 0.062 0.042 0.048 0.050 0.048 0.050

5 0.056 0.054 0.058 0.052 0.052 0.050 0.040 0.048

Empirical sizes for Scenario 2
Dist. S0 A=0 A=0.1 A=0.3 A=0.5 A=0.7 A=09 A=1 Adaptive

1 0.044 0.054 0.050 0.060 0.046 0.048 0.052 0.056

2 0.040 0.042 0.046 0.050 0.054 0.052 0.052 0.048

ts 3 0.052 0.056 0.044 0.036 0.046 0.048 0.046 0.040
4 0.052 0.054 0.042 0.056 0.044 0.046 0.048 0.054

5 0.048 0.052 0.056 0.052 0.048 0.046 0.062 0.044

1 0.056 0.054 0.040 0.046 0.052 0.054 0.052 0.050

2 0.054 0.050 0.042 0.044 0.052 0.056 0.054 0.050

ts 3 0.048 0.064 0.054 0.056 0.040 0.042 0.048 0.052
4 0.062 0.054 0.044 0.046 0.058 0.048 0.044 0.054

5 0.050 0.048 0.056 0.064 0.054 0.056 0.040 0.046

1 0.062 0.030 0.044 0.048 0.046 0.046 0.044 0.048

2 0.054 0.060 0.056 0.058 0.064 0.046 0.048 0.050

N(0,1) 3 0.052 0.058 0.046 0.064 0.040 0.044 0.050 0.044
4 0.044 0.054 0.062 0.058 0.056 0.038 0.048 0.044

5 0.052 0.042 0.052 0.040 0.056 0.044 0.046 0.046

500 replications with B = 100 bootstrap draws per replication. Figures 1 and 2 summarize all empirical
power results. More specifically, the main conclusions are as follows:

First, the empirical power increases monotonically with the signal strength Cjs across all error
distributions, covariance structures, and sparsity levels. In particular, for both Toeplitz and Compound
Symmetric covariance designs, the power at Cs = 5 is uniformly higher than that at Cs = 1.5. Under
Gaussian errors, most procedures achieve power close to one when Cj is sufficiently large, which is
consistent with the theoretical detection guarantees established in Section 3.

Second, the presence of heavy-tailed errors leads to a noticeable loss of power compared with the
Gaussian case, especially for small to moderate signal strengths. This effect is most pronounced under t3
errors. Nevertheless, the tail-adaptive test ©,q,, consistently maintains competitive and often superior
power relative to the individual tests in these settings, demonstrating robustness to heterogeneous tail
behavior. This advantage becomes more evident as the signal strength increases, where the adaptive
procedure rapidly approaches the upper envelope of the individual tests.
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Figure 1 Empirical power of the individual tests © o with A € {0,0.1,0.3,0.5,0.7,0.9, 1} and the tail-adaptive test ©,q,«
under the Toeplitz covariance structure. From left to right, columns correspond to sp = 1,3,5, and from top to bottom,
rows correspond to error distributions t3, t5, and N(0,1). The change-point location is t9 = 0.5, and the nominal level is
a = 0.05. Results are based on 500 replications with B = 100 bootstrap draws per replication. (Color online)

Third, the sparsity level sy plays an important role in detection performance. When the signal is
strong, changes involving a larger number of coordinates are generally easier to detect, leading to higher
power for larger sg. For weaker signals, the relationship between power and sg is less monotone, reflecting
finite-sample variability. Despite this, the proposed (sg,2)-norm aggregation strategy remains effective:
for moderate to large Cs, power typically improves with increasing sy under both covariance structures.

Fourth, the overall ranking of the procedures is qualitatively similar under the Toeplitz and Compound
Symmetric covariance designs. This indicates that the proposed tests are not overly sensitive to moderate
changes in the dependence structure of the covariates. While a well-tuned individual test can occasionally
match or slightly outperform the adaptive test under Gaussian errors, such dominance is not uniform
across error distributions or sparsity levels.

Finally, no single fixed value of A yields uniformly optimal power across all scenarios. The performance
of the individual tests depends critically on the error distribution, the covariance structure, and the
sparsity level, all of which are typically unknown in practice. By contrast, the tail-adaptive test ©,q o
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the nominal level is a = 0.05. Results are based on 500 replications with B = 100 bootstrap draws per replication. (Color
online)

effectively tracks the best-performing individual test across a wide range of designs, particularly under
non-Gaussian errors, thereby avoiding the need for tuning parameter selection.

From a practical perspective, these results suggest that the tail-adaptive test provides a reliable default
choice with strong power across heterogeneous settings. When there is credible prior knowledge indicating
light-tailed errors and weak dependence, an individual test with a moderate value of A (e.g., A € [0.3,0.7])
may offer marginal gains. Otherwise, O,q, delivers stable and robust performance without requiring
additional tuning.

Overall, the numerical results demonstrate that the proposed testing procedures achieve high power
over a broad range of signal strengths, error distributions, covariance structures, and sparsity levels, with
the adaptive procedure in particular providing consistently reliable performance.
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4.3 Multiple change-points detection

We next investigate the finite-sample performance of the proposed procedure in a multiple change-point
scenario. Throughout this experiment, we set the sample size to n = 200 and the dimension to d = 10.
Specifically, we consider a partially linear model with two structural breaks in the parametric component
as follows:

XZT,BU) + Oé(Ui)Zi + ’Y(Ul) + &5, 1 < ) < ll,

YVi=1{ X/ BP +a(U)Zi +y(Ui) +&i, i +1<i <, (4.2)

X B +a(U)Zi +v(Us) + ey o +1<i<m,
where the true change-point locations are set to 1 = 66 and Iy = 133. The covariates X; g N(0,%),
where ¥ is specified as in Scenario 1 (Toeplitz) or Scenario 2 (Compound Symmetric). The regression
coefficients satisfy 3(2) = g1 +6, 33) = 3V where B = (1,1,1,0,...,0)T € R, and § = (61,...,04) "
is defined as §; = Csy/log(d)/nI(1 < j < 3),j = 1,...,d, with C5 > 0 controlling the magnitude
of the structural change. For our proposed methods, we embedded the individual and tail-adaptive
procedures into the seeded binary segmentation (SBS) framework [23]. Algorithm A.1 was implemented
with parameters ¢ = 1/v/2, ¢qo = 0.01, s = 1, 7 = 0.5, K = 2, a = 0.05, B = 100, m = [0.2n], and
A €{0,0.1,0.5,0.9,1}. All results are based on 100 replications.

To evaluate the performance in identifying change-points, we adopted the scaled Hausdorff distance
to quantify the accuracy of change-point estimation. Specifically, let To = {l1,l2} denote the set of true
change-point locations, and let T = {lAl, . ,Tf(} denote the sgt of estimated change-points obtained from
the SBS procedure. The scaled Hausdorff distance between 7 and 7 is defined as

~ 1 ~ ~
HD(T,7y) = — max {maxminﬂ — |, maxmin|l — l|} .
n 1eT €70 1eTo TeT
Smaller values of HD indicate more accurate recovery of both the number and locations of change-points,
with HD = 0 corresponding to exact detection.

Table 2 Performance of multiple change-point estimation under the Toeplitz covariance structure with (n,d) = (200, 10).
The mean scaled Hausdorff distance is reported with standard deviations in parentheses, based on 100 replications with
B = 100 bootstrap for each replication.

N(0,1) (Cs =5v2) N(0,1) (C; =6v2) t3 (C5 =5V2) t3(Cs=6V2)

Methods ~ HD (Sd) HD (Sd) HD  (Sd) HD  (Sd)

A=0 0.080  (0.039)  0.132  (0.028)  0.130 (0.055) 0.127 (0.040)
A=01 0118  (0.020) 0107  (0.048)  0.110 (0.058) 0.118 (0.033)
A=05 0143  (0.024)  0.146  (0.008)  0.078 (0.028) 0.133 (0.014)
A=09 0152  (0.039) 0140  (0.012)  0.193 (0.075) 0.119 (0.051)
A=1 0135  (0.015)  0.124  (0.026)  0.158 (0.072) 0.116 (0.011)
Adaptive 0.137  (0.023)  0.143  (0.023)  0.113 (0.031) 0.090 (0.042)

Tables 2 and 3 summarize the performance of multiple change-point estimation under the Toeplitz
and compound symmetric covariance structures, respectively, using the scaled Hausdorff distance as the
evaluation metric.

Under the Toeplitz covariance structure (Table 2), the proposed procedure achieves relatively small
Hausdorff distances across all settings, indicating accurate detection and localization of multiple change-
points. Overall, the estimation accuracy improves as the signal strength increases from Cs = 5v/2 to
61/2, particularly under the Gaussian error distribution. Among the fixed choices of A, moderate values
tend to yield more stable performance, while the adaptive procedure performs competitively and often
attains smaller Hausdorff distances, especially under heavy-tailed t3 errors.
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Table 3 Performance of multiple change-point estimation under the Compound Symmetric covariance structure with
(n,d) = (200, 10). The mean scaled Hausdorff distance is reported with standard deviations in parentheses, based on 100
replications with B = 100 bootstrap for each replication.

N(0,1) (Cs =5v2) N(0,1) (Cs =6v2) t3 (C5 =5V2) t3(Cs =6V2)

Methods ~ HD (Sd) HD (Sd) HD  (Sd) HD  (Sd)

A=0 0178  (0.070)  0.061  (0.047)  0.089 (0.033) 0.095 (0.040)
A=01 0080  (0.026)  0.097  (0.068)  0.121 (0.092) 0.091 (0.032)
A=05 0119  (0.013) 0107  (0.047)  0.137 (0.031) 0.117 (0.043)
A=09 0120  (0.048) 0119  (0.025)  0.106 (0.052) 0.116 (0.026)
A=1 0109  (0.046)  0.112  (0.037)  0.109 (0.071) 0.129 (0.024)
Adaptive 0.070  (0.058)  0.123  (0.025)  0.058 (0.019) 0.104 (0.045)

Similar patterns are observed under the compound symmetric covariance structure (Table 3). Despite
the stronger cross-correlation among covariates, the proposed method continues to produce reasonably
small Hausdorff distances, demonstrating robustness to different dependence structures. In particular, the
adaptive procedure consistently achieves favorable performance across both Gaussian and heavy-tailed
error distributions, suggesting its effectiveness in balancing sensitivity and localization accuracy without
requiring manual tuning of .

Overall, these results indicate that embedding the proposed change-point test within the SBS
framework enables reliable detection and accurate localization of multiple change-points across a wide
range of covariance structures and error distributions.

Finally, we assess the computational complexity of the proposed multi—change-point detection
procedure for partially linear models. The algorithm consists of two main components. The first is the
cross-fitted semiparametric composite quantile regression (CS-CQR) for estimating the nonparametric
functions {a(-),v(-)}, which involves local linear smoothing and evaluation of the composite check loss
at L quantile levels for each observation, leading to a computational complexity of order O(ngL), where
n is the sample size and ¢ is the dimension of the varying-coefficient regressors. The second component
concerns the construction of the individual and tail-adaptive testing statistics under the Seeded Binary
Segmentation (SBS) framework. Based on the pseudo-responses obtained from the first component,
the individual test requires solving one Lasso problem for each seed interval, resulting in a complexity of
O(S - Lasso(n, d)), while the tail-adaptive test further evaluates the statistic over a collection of candidate
adaptive weights, yielding a total cost of O(S - |A| - Lasso(n,d)), where S denotes the number of seed
intervals, d is the dimension of the parametric regressors, and |.A| is the number of candidate tail-adaptive
weights. Consequently, the overall computational cost is dominated by the repeated solution of Lasso
problems in the SBS step when S or |A]| is large, whereas the CS-CQR step scales linearly with the
sample size and the number of quantile levels and is comparatively less computationally demanding.

Figure 3 displays the average running time of the proposed method under different values of A with
sample sizes n € {100,200,300}, where the dimension is fixed at d = 10, the covariance structure
corresponds to Scenario 1, the errors are normally distributed, and ¢; = 0.5I(1 < j < 3),j7 =1,...,10.
We observe that the computational cost increases with the sample size for all choices of A. In particular,
the tail-adaptive testing method incurs the highest computational cost. This is expected, since the method
is designed to adapt to the tail structure of the error distribution. To achieve such adaptivity, Lasso
estimators are computed repeatedly with different weighting parameters A € A = {0,0.1,0.5,0.9,1} for
each seed interval, thereby increasing the computational burden. Nevertheless, the overall running time
remains moderate for the considered sample sizes, indicating that the proposed method is computationally
feasible in practice.
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Figure 3 Average running time (in minutes) versus the sample size n € {100, 200, 300} for different values of A. (Color
online)

5 Application to energy data

We apply the proposed method to a publicly available monthly dataset for China obtained from Kaggle
(see https://www.kaggle.com). The sample spans January 2015 to April 2025 and retains months with
complete observations on five series: COg intensity (g COg/kWh; hereafter CDI), electricity demand
(TWh; ED), clean-energy generation (TWh; CG), fossil-fuel generation (TWh; FG), and fossil-fuel
emissions (Mt COg; FE). The final sample size is n = 124.

In energy and environmental policy evaluations, it is essential to assess whether the relationship
between COsy intensity and production-side variables remains stable over time [39]. Structural changes
in this relationship are of particular interest to supervisory authorities, policymakers, energy regulators,
corporate decision-makers, and researchers, as they not only help assess the effectiveness of implemented
measures but also serve as indirect evidence regarding the timing and enforcement of specific policies.

We explore the relationships between COs intensity (CDI) and the remaining time series (see Figure 4).
The scatterplots reveal several features. To begin with, CDI is negatively related to electricity demand
(ED) and clean-energy generation (CG), with the decline flattening at higher levels—indicative of a stable
concave nonlinearity. Additionally, CDI is positively related to fossil-fuel generation (FG) and fossil-fuel
emissions (FE) over most of the support; however, at comparable FG/FE levels, later observations lie
systematically lower, implying that the relationship is not time-invariant. Notably, FG and FE are
mechanically collinear. Collectively, these features motivate modeling ED and CG with smooth nonlinear
terms, while treating production-side relations as near-linear but temporally heterogeneous.

Accordingly, we adopt a partially linear varying-coefficient framework. Let Y; denote COs intensity
(CDI) and set U; = t/n be the normalized monthly index for ¢ = 1,...,n. To mitigate the collinearity
between FG and FE, we introduce the emission factor EF; = FE;/FG; (defined as fossil-fuel emissions
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Figure 4 Scatter plots of the CO2 intensity (gCO2/kWh) against four covariates: electricity demand (TWh), clean-
energy generation (TWh), fossil-fuel generation (TWh), and fossil-fuel emissions (Mt CO32). (Color online)

per unit of fossil-fuel generation). Specifically, we place X; = (FG;, EF;)T in the linear component
(with coefficients allowed to vary over t; FE is not entered separately), and Z; = (ED;, CG;) " in the
nonparametric component (smooth but time-invariant). Our empirical question is whether the coefficients
on X; are stable over time or display structural breaks, while Z; captures the time—invariant nonlinear
effects on Y;. To remove the nonparametric effects, we first estimate them using Algorithm 1 and construct
pseudo-responses by residualizing the fitted components. Prior to change-point detection, each series is
standardized so that its mean is zero and its variance is one. We then detect multiple change-points by
applying our tail-adaptive test within the seeded binary segmentation framework [23], using the seeding
parameter ¢ = 1/v/2. For implementation, we set go = 0.01, sp = 1, 7 = 0.5, K = 2, a = 0.05, B = 100,
and A € {0,0.1,...,1}. There are four change-points detected: June 2017, November 2020, June 2022,
and May 2023 (see Figure 5).

To further interpret the detected breaks, we relate them to contemporaneous developments in China’s
electricity system. Figure 5 displays the COs intensity series, with red dashed lines indicating the
estimated change-points. The first break, in June 2017, aligns with the launch of spot market pilots
that shifted dispatch and pricing toward market signals, thereby altering the merit order, the generation
mix, and per-unit emissions of incremental generation. The second break, in November 2020, follows
the national carbon-neutrality pledge and coincides with flexibility-oriented reforms—wider time-of-
use pricing, demand-response programs, storage rules, and flexibility retrofits of thermal units—which
plausibly affected both the scale of fossil-fuel generation and the emission factor. In June 2022, the third
break overlaps with an extreme heatwave and drought that curtailed hydropower, inducing substitution
toward fossil-fuel generation and temporarily increasing per-unit emissions at the margin. The fourth
break, in May 2023, coincides with rapid additions of wind and solar capacity alongside expanded
green-power and spot trading and growing storage, reducing curtailment and shifting incremental supply
toward lower-emission sources. Taken together, these episodes are consistent with discrete changes in the
emission factor and the scale of fossil-fuel generation—conditional on electricity demand and clean-energy
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Figure 5 Plot of the COg2 intensity with the estimated change-points (red dashed lines). (Color online)

generation—and hence with time variation in the relationship between COs intensity and production-side
quantities.

Overall, the previously detected change-points coincide with documented policy shifts or external
shocks, indicating structural transitions in how CQO; intensity responds to generation-side variables.
While these alignments do not imply causality, they offer insight into the timing and persistence of
regime changes. Such break patterns may serve as a valuable reference for future policy design, helping to
anticipate the system’s behavior under similar interventions or shocks and to adapt strategies accordingly.

6 Conclusion

This paper establishes a unified tail-adaptive CUSUM framework for structural break testing and
estimation in partially linear models. The procedure integrates cross-fitted semiparametric nuisance
estimation with high-dimensional change-point inference, enabling robust detection of structural changes
in the parametric component under sparsity and nonlinear effects. The central theoretical contribution is
the establishment of a uniform oracle equivalence result. We show that the feasible plug-in CUSUM
process and its associated statistics converge uniformly, at rate o,(1), to their oracle linear-model
counterparts over ¢ € [gg,1 — go]. This provides a rigorous bridge between semiparametric nuisance
estimation and high-dimensional change-point analysis, and forms the basis for the asymptotic validity of
both the individual and tail-adaptive tests. To address the intractable null distribution of the aggregated
high-dimensional CUSUM statistic, a tuning-free multiplier bootstrap procedure is developed and shown
to be consistent under mild regularity conditions. In addition, we obtain non-asymptotic guarantees
for change-point localization, showing that the proposed estimator achieves the optimal rate log(dn)/n
up to logarithmic factors. The procedure is further implemented within a seeded binary segmentation
framework to accommodate multiple change-points. Simulation studies demonstrate reliable detection
and accurate localization performance. An empirical application to energy policy data illustrates the
practical relevance of the proposed methodology. Future research may explore more scalable nuisance
estimation strategies and extensions to dependent data structures, which would further broaden the
applicability of the framework.
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Appendix A Supplementary numerical studies under a simplified model

In this appendix, we report supplementary simulation results for a simplified partially linear model with
a single change-point and «(U) = 0, which serves as a special case of the general setting considered
in Section 4. Unless otherwise specified, the simulation design, tuning procedures, and implementation
details follow exactly those used in the main text. The primary difference lies in the model specification
and the number of replications. We consider the same partially linear model as in Section 4, except that
the nonparametric component v(U) is set to zero. Specifically, the data are generated according to

Y = X BWi <o} + X B8P > I} + a(U) Z; + i, i=1,...,n. (A1)

The distributions of (X;, Z;,U;), the error distributions, the regression coefficients, the covariance
structures, and the tuning parameter selection are identical to those in Section 4. In this appendix,
the number of replications is set to 1000, while the number of bootstrap resamples remains B = 100.

Appendix A.1 Size performance

This subsection reports the empirical size of the proposed tests under the simplified setting v(U) = 0.

Table 4 reports the empirical sizes of the proposed tests under the simplified model with v(U) = 0.
The sizes are well controlled around the nominal level across different error distributions and covariance
structures, which is consistent with the findings in Section 4.1.

Appendix A.2 Power performance

We next examine the finite-sample power of the proposed tests under the simplified model with v(U) = 0.

Figure 6 and 7 summarize the empirical power results under the simplified setting v(U) = 0. Overall,
the power increases with the signal strength, and the tail-adaptive test maintains stable performance
across different error distributions. The qualitative patterns are similar to those observed in Section 4.2.



Chen WY et al. Sci China Math 25

Table 4 Empirical sizes of the individual test ©) o with A € {0,0.1,0.3,0.5,0.7,0.9,1} and the tail-adaptive test Onq o
under Toeplitz and Compound Symmetric covariance structures for so € {1,2,3,4,5}, at the significance level a = 0.05.
Results are based on 1000 replications with B = 100 bootstrap draws per replication.

Empirical sizes for Scenario 1

Dist. S0 A=0 A=0.1 A=0.3 A=0.5 A=0.7 A=09 A=1 Adaptive

1 0.048 0.058 0.052 0.050 0.044 0.047 0.040 0.040

2 0.046 0.046 0.042 0.044 0.058 0.048 0.043 0.055

t3 3 0.046 0.047 0.070 0.054 0.050 0.044 0.054 0.046
4 0.041 0.045 0.060 0.030 0.040 0.040 0.049 0.049

5 0.047 0.048 0.050 0.049 0.041 0.052 0.048 0.053

1 0.052 0.051 0.053 0.049 0.044 0.045 0.047 0.053

2 0.048 0.048 0.052 0.060 0.052 0.060 0.051 0.038

ts 3 0.069 0.049 0.054 0.051 0.048 0.049 0.057 0.050
4 0.051 0.038 0.057 0.042 0.049 0.048 0.047 0.039

5 0.042 0.058 0.051 0.054 0.050 0.063 0.038 0.039

1 0.047 0.055 0.040 0.043 0.052 0.047 0.049 0.045

2 0.055 0.063 0.051 0.054 0.055 0.039 0.043 0.049

N(0,1) 3 0.050 0.037 0.046 0.046 0.048 0.050 0.039 0.035
4 0.053 0.045 0.060 0.046 0.047 0.050 0.049 0.050

5 0.052 0.052 0.052 0.051 0.052 0.048 0.043 0.049

Empirical sizes for Scenario 2
Dist. S0 A=0 A=0.1 A=0.3 A=0.5 A=0.7 A=09 A=1 Adaptive

1 0.041 0.051 0.049 0.059 0.048 0.049 0.051 0.054

2 0.037 0.041 0.049 0.051 0.053 0.051 0.055 0.046

ts 3 0.054 0.052 0.046 0.033 0.048 0.050 0.050 0.038
4 0.051 0.051 0.043 0.058 0.047 0.044 0.047 0.051

5 0.045 0.051 0.052 0.057 0.047 0.049 0.068 0.043

1 0.059 0.052 0.043 0.048 0.053 0.051 0.052 0.049

2 0.053 0.054 0.045 0.046 0.051 0.052 0.051 0.050

ts 3 0.045 0.062 0.051 0.060 0.044 0.041 0.046 0.052
4 0.062 0.054 0.043 0.043 0.061 0.045 0.044 0.054

5 0.050 0.046 0.057 0.064 0.054 0.055 0.041 0.042

1 0.064 0.033 0.046 0.050 0.049 0.048 0.047 0.045

2 0.053 0.058 0.059 0.062 0.065 0.042 0.050 0.050

N(0,1) 3 0.051 0.041 0.049 0.046 0.050 0.042 0.040 0.042
4 0.042 0.052 0.060 0.040 0.060 0.034 0.049 0.043

5 0.051 0.040 0.051 0.043 0.055 0.043 0.048 0.045

Appendix B Extensions to a multiple change-points detection procedure

In practical applications, when the null hypothesis Hg is rejected by our powerful tail-adaptive test
for potential data structures, multiple change-points may exist in the data structure. Consequently,
addressing the rapid estimation or detection of multiple change-points is crucial. In this section, we extend
our single change-point detection method to the case of multiple change-points based on the principles
of the seeded binary segmentation (SBS) method proposed by [23], aiming to effectively estimate the
locations of all possible multiple change-points in the data structure.

Definition B.1 (Seeded intervals [23]). Let ¢ € [1/2,1) denote a given decay parameter. Let [; =
(0,n]. Fork=2,..., [1og1/< (n)—‘ (i.e. logarithm with base 1/(), define the k-th layer 7 as the collection

of ny intervals of initial length [ that are evenly shifted by the deterministic shift s; as

T = 06— Dsa) TG = Dse + 11} (B.1)

i=1
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Figure 6 Empirical powers of the individual tests O with A € {0,0.1,0.3,0.5,0.7,0.9,1} and the tail-adaptive test
©ad,o under Toeplitz covariance structures for sg € {1,3,5} and tp = 0.5, at nominal level o = 0.05. Results are based on
1000 replications with B = 100 bootstrap draws per replication. (Color online)

where ng := 2 [(1/¢)*"*] =1, :=n¢*~* and s; := (n — ly) / (nx — 1). Then, define the overall collection
of seeded intervals as
[log, /¢ (n)]
= |J I (B.2)
k=1

We propose an SBS-type tail-adaptive procedure for multiple change-point detection, hereafter referred
to as multi-CPD, which is summarized in Algorithm A.1.

The procedure operates on a collection of N seeded intervals {(l;, 7]}, constructed following the
seeded binary segmentation (SBS) principle, where the interval endpoints satisfy |ngo] < I; < r; <
[7(1 — qo)]. Only intervals with length at least m are retained to ensure reliable inference.

The algorithm proceeds as follows. First, the nonparametric components a(-) and ~(-) are estimated
using the cross-fitted semiparametric CQR estimator in Algorithm 1. Based on these estimates, we
construct the pseudo-responses and compute, for each seeded interval (I;,r;], the corresponding tail-
adaptive p-value ﬁad(lj,rj] using the bootstrap procedure described in Section 2.3. Starting from the
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Figure 7 Empirical powers of the individual tests O , with A € {0,0.1,0.3,0.5,0.7,0.9,1} and the tail-adaptive test
©ad,o under Compound Symmetric covariance structures for so € {1,3,5} and tg = 0.5, at nominal level & = 0.05. Results
are based on 1000 replications with B = 100 bootstrap draws per replication. (Color online)

initial search range [L, R] = [go, 1 — qo], the algorithm applies a recursive segmentation scheme. For a
given interval [L, R], let Z = {1 < j < N : [l;,7;] C [L, R]} denote the index set of seeded intervals fully
contained in [L, R]. Among all intervals in Z with length at least m, we compute the tail-adaptive test
statistic

Poq = min ]3d Li,r;
T jer, m<ry -, (73],

and denote by j* the index that attains the minimum. If P,q > «, the algorithm terminates on the
current interval [L, R], indicating that no change-point is detected within this segment. Otherwise, a
change-point #;- associated with the interval (I;-,7;-] is added to the estimated change-point set C. The
procedure is then recursively applied to the subintervals [L, j*] and [j*, R]. The recursion continues until
all remaining segments have length smaller than m or no further significant change-points are detected.
The final output is the set C of estimated multiple change-points.
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Algorithm A.1  An SBS-type tail-adaptive procedure for multiple change-point detection
Input: Given the data (X, Z,U,Y) := {(X;, Z;,U;,Y;)}_,, set the values for 7, the significance level «, so, qo, K,

.
the bootstrap replication number B, the subset of candid;te weights D C [0,1], and a collection {(l;,7;]}Y, of seeded
intervals (see Definition B.1) with decay ¢ € [1/2,1) and minimal segment length m. Initialize the set of change-points
C=0.

: Step 1: Compute the estimators of the nonparametric components a(-) and 7(-) using Algorithm 1.

: Step 2: For each j =1,---, N, compute ﬁad(lj,rj} following Section 2.3.

: Step 3: Perform the following function with L = gp and R =1 — qo.

(a) If R — L < m, return.

(b) Define T ={1<j < N | [l;,r;] C [L, R]}.

(c) Compute the tail-adaptive test statistics as

Poa = i Paa(ly,r;
ad jer, g}glrjilj ad( ]77'])7
and the corresponding optimal solution j*.
7 (d) If Paq > a, return. Otherwise, Update C by adding tAj* to C, and perform Function(L, j*) and Function(j*, R).

Output: The set of estimated multiple change-points C.

Appendix C Verification of Assumption C under local-linear smoothing

Lemma C.1. Suppose that n(-) has two bounded and continuous derivatives on the compact support
U C R of U, and that the density fuy of U is bounded away from zero and infinity on U. Let 1 be the
out-of-fold cross-fitted estimator of n(-) constructed via one-dimensional local-linear smoothing with a
bounded symmetric kernel K satisfying [ K(u)du =1 and [u?K(u)du < co. If the bandwidth satisfies
h=n=15 then

IE/ {n(w) —n(uw)ydu = O<h4 + 1) .
u nh
Consequently,
17 = nllz. = Op(n=2/%),
and therefore
vl =l = 0.
In particular, Assumption C holds.

Proof.  For one-dimensional local-linear smoothing, it is well known that the integrated mean squared
error (IMSE) satisfies

B [ i) ) =0(nt+ 1)

under the stated smoothness and kernel conditions; see [13]. The term h* corresponds to the integrated
squared bias, while (nh)~! arises from the integrated variance.
Choosing h = n~'/% balances the bias and variance terms and yields

E [ (i) - n(w)du= 0(n~*).
u
An application of Markov’s inequality then implies

17 = llL, = Op(n=?"?).

For the cross-fitted estimator 77, each local-linear fit is computed on a subsample whose size is proportional
to n. Therefore, the first-order bias and variance expansions remain unchanged, and the same IMSE rate
applies; see [8] for general discussions on rate preservation under cross-fitting.

Combining the above results gives

”77 - 77||L2 = O;D(n72/5)7

which implies
Vil =i, = Op(n=*1%) = 0.
This verifies Assumption C. O
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Appendix D Orthogonal offset for the CS-CQR procedure

We first present the cross-fitted orthogonal offset estimator and its implementation details in Appendix
D.1. Building on this construction and the standing assumptions from the main text, Appendix D.2 then
establishes the estimator’s large-sample properties and provides the corresponding proofs.

Appendix D.1 Cross—fitted orthogonal offset estimator

Algorithm A.2 computes a fixed, cross-fitted orthogonal offset 37 for use within CS-CQR. The offset is
computed once and held fixed throughout. The estimator is obtained through three out-of-fold steps:
(1) preliminarily estimate g(U,Z) = Z" a(U) + v(U) using local-linear CQR with zero offset;

(2) estimate mg(U,Z) = E[X | U,Z] by local-linear least squares and form residual covariates X =
X — m;

(3) regress the residual response Y(© =Y — §(O(U, Z) on X via CQR to obtain 3.

Algorithm A.2 Cross-fitted orthogonal offset estimator

Input: Data {(X;,%;,U;,Y:)}" ;; quantile levels ¥ = (11,...,7) 7, kernel K(-) with Ks(u) = K(u/s)/s, bandwidth grids
H (for g(u, z) = z" a(u) +v(u)) and B (for m(u,z) = E[X | U = u,Z = 2]), and the number of folds K > 2

1: Randomly partition {1,...,n} into K folds Z1,...,Zx. For k =1,..., K, set If = Uj;ék;Ij‘
2: Cross-validated local-linear CQR for a preliminary ¢(©) (zero offset).
3: for h € H do
4: fork=1,...,K do
5: for each i € Ty, (set ug := U;) do
6: Solve the local-linear composite quantile program
(G0, &1,90,71)  argmin > me( — 2] {ao + a1 (U; — u0)} = {70 +71(Uj — w0)}) Kn(Uj — o).
aOvalv'Yﬂv'YIJeIcl 1
7 Set gy, (U, Z:) = 2] & +7o-
8: end for
9: end for

10: Compute the CV loss

CVy(h Z Z pr(Y ( D (Ui, 2z )

11: end for

12: Choose ho < argminpey CVy(h) and set g<0)(U27 Z;) = §£ k)(Ui,Zi) foralli € Iy, k=1,..., K.
13: Cross-validated local-linear least squares for m(u, z)

14: for b € B do

15: for k=1,...,K do

16: for each i € T, (set ug := U;) do

17: For each coordinate j = 1,...,d, solve

2
(aoj,alj,on,Elj) — argmin Z <XTJ—Z:{a0j +a1j(UT—u0)}—{coj +clj(UT—u0)}> ICb(UT—u()).

@0;:A15:€05:€15 . cpe
k

18: Set m( Ui, Z0) = 2] doj + 2o;.
19: end for
20: Set m " (Ui, Z:) = (m{ ", ... mG )T and Xip = Xi — i (Ui, Z,) for all i € Tp,.

21: end for
22:  Compute CVin(b) = K, 3, 0q, 1Xi — iy (U3, 24)3-

23: end for
24: Choose b + argminye CVp, (b) and set X; = X 3 for all 4.
25: Residualized CQR for the offset. Construct Y( ) = A(O)(Uz, Z;) and compute

L n
Bt « argglin Z ZPW(YZ‘(O) _ X;Fﬂ)

£=11i=1

Output: The final orthogonal offset estimator B1.
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Appendix D.2 Asymptotic properties of the orthogonal offset

Consider the following partially linear model:
Y = X8y + Z'a(U) + %(U) + e,

and write W = (U, Z, X), go(U,Z) = Z" a(U) + 70(U), and my(U, Z) = E[X | U, Z]. Let the composite
quantile levels be 7 = (71,...,7.)", and denote by r; the 7y-quantile of ¢, i.e., P(c < r}) = 7. By
Assumption B.1 (independence of € and W), these are also the conditional 7,-quantiles given W. Define

L
Yo(r) =7 —T{r <0},  P(r):= %an(r —13),
(=1

and let fo(W) := L1 ZZL:l Jeqw(r; | W) denote the average conditional density of ¢ at the alignment
points. For any (3, g, m), define the following orthogonal moment:

(Y, W;B,g9,m) := (Y — g(U,Z) — X" B) (X - m(U, Z)).

Algorithm A.2 returns the cross-fitted estimator 37 that solves the following out-of-fold moment equation:
CS (e g1 RO, k) <o, (A-1)
n
i=1

where k(i) denotes the fold index of observation i.
To facilitate the theoretical analysis, we impose the following assumptions.

Assumption O1 (Error quantiles and smoothness.) For each 7, € 7, the conditional distribution of &
satisfies p(e < 0 | W) = 7,. The conditional density fejw (- | W) exists, is bounded, and Lipschitz in
a neighborhood of 0, and there exist constants 0 < ¢; < Oy < oo such that ¢y < fo(W) < Cf almost
surely.

Assumption O2 (Design and information matrix) Let X := X —mg(U, Z). Assume that E||X|[|**° < oo
for some § > 0, E|XX || < oo, and the matrix J := E[fo(W) XX ] is positive definite.

Assumption O3 (Kernels and bandwidths) The kernel K is bounded, symmetric, and has a finite second
moment. The bandwidths h,b — 0 with nh,nb — co and nh®,nb®> — 0.

k)

Assumption O4 (Cross-fitted nuisance rates) The estimators g(=*) and m(~*) are trained on folds

independent of the evaluation observation and satisfies
15 = gollz, = 0p(n™*), MY —mgl|, = 0, (n~1/4).
Proposition D.1.  Consider the model and notation in Appendiz A. Let BT be the cross-fitted solution

to the moment equation (A-1). Suppose Assumptions O1-04 hold. Then, as n — oo, we have

(i) (Asymptotic linearity)
V(B =) = T = 3K+ o). (a-2)

(i) (Asymptotic normality)
V(8" = o) <5 N0, TR, (A-3)

where ¥ := Var(1(g) X).

Proof. ~ We proceed in four steps.
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Step 1: Identification and orthogonality. Define the following population moment:

M(B,g,m) = E[6(Y,W;B8,9,m)], &Y, W;B,9,m) =Y —g(U,Z) - X'8) (X - m(U,Z)).

At the truth (B, go, mg) we have Y — go(U,Z) — XTBy = . By Assumption O1, E[tp(¢) | W] =
3 — FEqw(ry | W)} =0, and hence M (B, go, mg) = 0. Directional derivatives at (8o, go, mo)
are
9sM (Bo, go,mg) = —E[fo(W)XX] = —J,
M (Bo, 90, m0)[hg] = E[fo(W) hy(W) (X — mo(W))] = E[fo(W) he(W)E(X | W)] =
OmM (Bo, go, o) [hm] = —E[(e) hy(W)] = —E[E(Y(¢) | W) hin(W)] = 0.

Thus, the moment is Neyman-orthogonal to first-order perturbations of (g, m). By Assumption 02, J is
positive definite.

Step 2 Sample moment decomposition. Let k(i) be the fold of observation ¢, and abbreviate

g = g *IN(U,;, Zy), my = mTFONULL Zy), 69 = §i — 90(Us, Z;), and dm; = m; — mo(U;, Z;). The
sample moment equation (A-1) reads

J I P
0 =E,[o(Y,W; 81,5, m)] = > (i, Wi 7, G, 1),
=1

A first-order expansion in 3 around By yields

0 =E,[¢(Y, W; Bo, go, mo)] + 83 M (Bo, go, mo) (B — Bo) +£/n/; (A-4)
)] (In (I11)

where R,, collects all terms due to replacing (go, mg) by (g, m) and the higher-order remainder of the
linearization.

Step 3: Control of the nuisance-induced remainder R,. Write 7,(3,9) =Y; — g(U;, Z;) — X/ 3.
For each £, by Assumption O1, the conditional CDF F )y is differentiable with a bounded derivative in
a neighborhood of 7. A first-order Taylor expansion of F,y at r; gives, for ¥ = dg;,

Fow(rg +9 [ Wi) = Faw (rg | We) = fow (rg | W) 9 + pae, |piel < 31wl ¥
Define the following centered fluctuation:
Yie = ei <rj 4+ 0gi} —Hei <ri} = [Fow (rf + 69 | Wi) = Fqw (17 | Wa)],

SO EW}M | Wi,chi] = 0 and E[ 2»24 | Wi,égi] < FE‘W(T’; + 591’ ‘ WIL) — FE‘W(T’; ‘ Wl) < C‘(qu‘ by the
Lipschitz property implied by Assumption O1. A direct algebra (adding and subtracting the conditional
means in each composite-quantile summand) then yields the decomposition

R, =E [fo( i) 69 z:| + ]En[{@(fz +69:) — (&) + fo(Wi) 6gi } XL}

R Rpz
~ Eu[t(e0) o, | + B[ {(e0 + 090) — 0e0)} (~0my)]
R,.3 Ry 4

By cross-fitting in Assumption O4, d§g; and ém; are independent of (Y;, W;) on the evaluation fold.
Hence E[Rn 1] = 0 and, by a conditional variance bound together with E||X||3 < oo from Assumption 02,

Ry1 = O0,(16g]|,/v/7) = 0,(n~Y/2). For R,, 5, the Taylor remainder above implies ||¢)(c + dg) — 9(e) +
fobgllL, =O(|16gl1,), s0 Rn2 = O,(||6g]12,) = 0p(n~'/?) under Assumption O4. Similarly, E[R,, 3] = 0
and Ry, 3 = O,(||0m)| 1, /v/n) = 0,(n~/2); and R,,.4 = Op(|69]|1, ||0m| 1,) = 0,(n~1/2). Consequently,

| Ryl = Op(n_l/Q)' (A-5)
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Step 4: Conclusion. Plugging (A-5) into (A-4) and using dgM (8o, go, mo) = —J gives
—J (BT = Bo) = En[th(es) Xi] + 0p(n™/?).

Multiplying by J~! yields the linear expansion (A-2). Since {t(g;)X;}?_, are i.i.d. with finite second
moment (Assumption O2), by the Lindeberg-Feller central limit theorem, we have

%Zzﬂ(el)xz <, N(0,%), ¥ = Var(y(e)X).

Combining this with (A-2) yields (A-3). O

Remark D.2. Under one-dimensional local-linear smoothing with bandwidths h,b =< n=/5, the out-
of-fold errors obey [|g"™" — gollz, = [[M*) — my||r, = O,(n~%/°), which satisfy Assumption O4. A
plug-in estimator of J~1X.J~! can be constructed by replacing population quantities with their empirical
counterparts and using the cross-fitted residuals &; := Y; — A(_k(i))(Ui,Zi) — X;rﬂT and X; = X, —
rﬁ(—k(i))(Ui,Zi).

Appendix E Proof of Theorem 3.3
Proof.  Recall that

L
1-—A
AS\(X;, 0;) = AX; 95 + TZXi []I{ei <o+ 9} — e <o}l
and define
a; (t)':]l{i<mtj}—M Za t) AS(X;,94),t € [qo, 1 — qo]
R0 . X n ) 7,M 2] 05 0]

We show that supciq,.1-g) [Rn(t)ll2 = 0p(1).
Let m = |[nt]|. Then

St (1) o (3) < BB <

Hence, for any vectors {&;} C RY,

Zam < suw(: Zam )”Tin&n%)m < %(Znan) B

By Assumption B, f. is continuously differentiable with a bounded derivative. Applying a first-order

[tIo’l qo]

Taylor expansion to F. at 7y, we obtain

F(re + ;) — Fe(re) = fo(re) ¥i + pies Ipie] < 311f21lo0 95

Define the following centered fluctuation:
Vio :={e; <re+ 9} — He; <} — [Fe(re +95) — Fo(ro)],

so that E[yie | U;,Z;,9;] = 0. By independence in Assumption B, {¢;¢}; are independent across i
conditional on {(U;, Z;,9;)};. Then

1- ) & 1- ) & 1- 2 &
ASN (X, ;) = ()\‘f' TZfe(Tz)>Xﬂ9i+TZXHM-FTZXMM-
=1 =1 =1

=: A =: B =: C
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Accordingly, we have R, (t) = Ry, a(t) + R, 5(t) + Ru.c(t).
For term R, 4(t), by (B.1) and Assumption A (bounded ||X;|lcc < M),

s < S(E ) < S0 o5

1= 1=

1/2

Assumption C implies E[0?] = r2, hence by Markov’s inequality + Y% | 9 = O,(r2), and therefore
sup [Rn, 4(#)ll2 = Op(rn) = 0p(1).

For the term R, p(t), it follows from (B.1), conditional independence, and the Lipschitz bound | F(u)—
F.(v)] < C¢|u — v (a consequence of sup, | f-(t)] < Cy in Assumption B) that

]E[wfz | Ui, Zi,9;] < |F5(Tz +7;) —Fe(re)| < Cp |94].

Therefore,

B |sup 1R, ()13 < ZE
s
i=1

<O E[XBW] < "n (EIXE) E£2)
i=1

111
<C"nr,,

ZX 7/%5

1
X113 I Z]E(T/)ffz | Uivziaﬁi)‘|
=1

where we used the Cauchy-Schwarz inequality and ||X;||. < M to ensure E||X;||3 < co (Assumptions A,
D). Hence

sup HRn,B(t)HZ = OP(TTIL/2) = Op(l)-
t€lqo,1—qo]

For the term R, c(t), it follows from |p;| < || f]loo ¥? (Assumption B) and [|X;|lcc < M that

n L n
1 1-A 1
sup [|Ru.c(t)]e < — a;n(t) —— X, i < C 192 n| — 193 .
LTI SINUE SIS S LR o)
As above, L 3~ 92 = O, (r2), and hence
sup |[Rn,c()ll2 = Op(Vnry) = 0p(1)

by Assumption C.
Combining the bounds for R, 4(t), R, 5(t), and R, c(t), we have

sup  [[Rn()[l2 < sup |[Rn,a(t)ll2 +sup [Rn,5(t) |2 + sup [[Rn,c(t)]]2
t€[qo0,1—qo] t t t

= Op(ra) + Op(r/?) + Op(Vr7y) = 0p(1),

since r, — 0 and /nr2 — 0 by Assumption C. We finish the proof of Theorem 3.3. O
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